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Abstract This article completes and extends a recent study of the Grad-Shafranov
(GS) reconstruction in toroidal geometry, as applied to a two and a half di-
mensional configurations in space plasmas with rotational symmetry. A further
application to the benchmark study of an analytic solution to the toroidal GS
equation with added noise shows deviations in the reconstructed geometry of
the flux rope configuration, characterized by the orientation of the rotation axis,
the major radius, and the impact parameter. On the other hand, the physical
properties of the flux rope, including the axial field strength, and the toroidal and
poloidal magnetic flux, agree between the numerical and exact GS solutions. We
also present a real event study of a magnetic cloud flux rope from in situ space-
craft measurements. The devised procedures for toroidal GS reconstruction are
successfully executed. Various geometrical and physical parameters are obtained
with associated uncertainty estimates. The overall configuration of the flux rope
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from the GS reconstruction is compared with the corresponding morphological
reconstruction based on white-light images. The results show overall consistency,
but also discrepancy in that the inclination angle of the flux rope central axis
with respect to the ecliptic plane differs by about 20-30 degrees in the plane
of the sky. We also compare the results with the original straight-cylinder GS
reconstruction and discuss our findings.
Keywords: Grad-Shafranov equation; Flux rope, Magnetic; Magnetic Clouds;
Magnetic fields, Heliosphere; MHD equilibrium
1. Introduction
This article is a continuation of the recently completed study, now in press (Hu,
2017b, hereafter Paper I), which describes in detail the two-step recipe for the
Grad-Shafranov (GS) reconstruction of magnetic flux ropes, or magnetic clouds
(MCs), with a toroidal geometry. Under such a geometry, the local configuration
of the flux rope in the vicinity of the spacecraft path is approximated by a section
of a torus, instead of a straight cylinder. But the symmetry of the structure
remains, changing from the translation symmetry of the former straight-cylinder
case to the rotational symmetry in the toroidal geometry, so that the central axis
of the flux rope in the latter case possesses a finite radius (non-zero curvature).
Under these two-dimensional (2D) or 2.5D configurations with non-vanishing
axial magnetic field component, the Grad-Shafranov (GS) equation applies for
both configurations, governing the magnetic and plasma structure in magnetohy-
drostatic equilibrium. The GS reconstruction technique has been developed and
applied to reconstruct the 2D cross section of cylindrical magnetic and plasma
configuration, using in situ spacecraft measurements, for the past twenty years.
The technique first originated from the application to the magnetopause current
sheet crossings (Sonnerup and Guo, 1996; Hau and Sonnerup, 1999). Later it
was applied to reconstructing cross sections of magnetic flux ropes, including
applications to small-scale flux ropes in the solar wind (Hu and Sonnerup, 2001)
and to large-scale MCs (Hu and Sonnerup, 2002) for the first time. Additional
applications include reconstruction of flux transfer events (FTEs) in Earth’s
magnetopause, plasmoids in the tail, and even recently to flux ropes in the
Martian atmosphere (Hara et al., 2014, 2016). The extensions of the GS re-
construction technique to GS-type applications were also developed, which goes
beyond static equilibrium, especially allowing for description of dynamic equi-
librium involving significant remaining flow and inertial forces, but remaining in
a cylindrical geometry (Hu, 2017a, and references therein). Recent extension to
a toroidal geometry was fully developed and reported in Paper I, with detailed
benchmark studies.
A recent review, commemorating the occasion of twenty year’s application
of the GS reconstruction method, is presented by Hu (2017a). That article
reviews the history of the development of the technique and summarizes its main
applications to recovering various 2.5D space plasma structures, including the
magnetopause current sheet, the FTEs, flux ropes in geotail, and magnetic flux
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ropes (and MCs) in the solar wind. In particular, emphasis was put on validation
of GS reconstruction results by direct co-spatial multi-spacecraft measurements
and indirect quantitative correlation among physical properties between in situ
and solar source region analysis, especially through inter comparison of mag-
netic flux and helicity content for MCs with associated flares and coronal mass
ejections (CMEs) (Qiu et al., 2007; Kazachenko et al., 2012; Hu et al., 2014). In
addition, field-line twist and length distributions inside MCs were also derived
from the GS reconstruction results and were used to assist in interpretation of
flux rope configuration and formation through magnetic reconnection processes
(Hu, Qiu, and Krucker, 2015; Hu et al., 2014). A qualitative comparison of the
GS reconstruction with toroidal geometry to the numerical simulation result
of Riley et al. (2004) was also presented in Hu (2017a) as an extension to the
original GS reconstruction technique with straight-cylinder geometry.
Traditionally, the modeling of magnetic flux rope configurations based on the
in situ single spacecraft measurements is performed via least-squares fitting of
a specific analytic model to the time-series data (mostly magnetic field vectors).
The use of a toroidal flux rope model was developed by Marubashi (1997) and
Romashets and Vandas (2003), usually with a circular cross section and a large
aspect ratio (the ratio between the major and minor radii of the torus). Hidalgo
and colleagues have also developed over the years a sophisticated algorithm for
fitting in situ spacecraft measurements with a flux rope model of non-circular
cross section, a global configuration conforming to a 3D rope structure rooted
on the Sun, and/or non-field aligned current (e.g. Nieves-Chinchilla et al., 2016;
Hidalgo, 2016, and references therein). The GS reconstruction differs from these
fitting based approaches by yielding a completely 2D cross section as a numerical
solution to a more general non-force free state, although fitting is also involved
but on one magnetic field component only (the axial field component). Another
difference is that the current implementation of the toroidal GS reconstruction
does not apply to the situation of a submerged spacecraft path, i.e. a path not
exiting into the center hole of the torus, as we illustrated in detail in Paper I. In
this situation, one has to resort to the traditional fitting method for a toroidal
geometry, as advocated by Marubashi et al. (2015). Some interesting perspectives
of in situ flux rope modeling that go beyond static or 2D configurations were
also discussed in Hu (2017a), especially regarding an intrinsically 3D configura-
tion with ribbon-like structures often present in solar prominence observations,
resembling a “stellarator” configuration in fusion devices (Freidberg, 2014).
The current article is organized as follows. In the next two sections, we present
two case studies: one being a further benchmark study continuing from Paper I,
and the other being a real event study observed by the Solar Terrestrial Relations
Observatory (STEREO) B spacecraft, following the procedures delineated in
Paper I. In particular, we present a comparison of the toroidal GS reconstruction
result with the morphological modeling based on white-light images of the real
event. Lastly we conclude and summarize our results.
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Figure 1. (a) The distribution of reduced χ2 value, as indicated by the colorbar on the (rsc, t)
plane within the circular domain centered on the Sun with a radius of 1 AU. The background
dots are the search grid of the intersections of Z axis on that plane. The contours are of levels
1 (magenta), and 1+
√
2 (black), respectively. (b) The corresponding contour plot of log10Q
as labeled. The innermost contour is of level Q = 0.9, and the outermost one is the same as
the black one in (a). In each plot, the coordinate system (rsc, t, n) is centered on the Sun in
the middle with rsc pointing radially out to the spacecraft location (green dot in a) along the
red dashed line, t pointing upward along the dotted blue line, and n pointing vertically out of
the plane at the center. The plus and cross signs mark the true Z axis location and that of
χ2min, respectively. The asterisk sign near the center of the χ
2 = 1 contour denotes the one
chosen for the final numerical GS reconstruction.
2. Application to a Benchmark Case
We have performed the toroidal GS reconstruction study of the numerical sim-
ulation result of Riley et al. (2004), where a flux rope configuration with exact
toroidal geometry, but with full MHD and temporal evolution, was generated
in the computational domain, covering the inner heliosphere from the Sun to
∼1 AU. However a quantitative comparison of various physical quantities cannot
be made, because the quantitative results of that simulation cannot be recovered
due to the long time period elapsed. The qualitative comparison in terms of the
orientation, the basic geometry and shape of the flux rope is presented and
discussed in Hu (2017a).
Here we present a benchmark study that is one step further than the one
presented in Paper I, where the benchmark study of an analytic case with general
toroidal configuration and noise addition terminated after the determination of
the rotation axis Z and the major radius R = r0, without the final reconstruction
step of applying the GS solver to obtain a solution to the toroidal GS equation. In
what follows, we complete this last step and present a quantitative comparison
between the exact and numerical solutions, following the procedures given in
Paper I, as to be employed when examining a real event.
We refer readers to Paper I for detailed description of the two-step recipe
in deriving the main geometrical parameters and the implementation of the
GS solver for the toroidal GS equation, using in situ spacecraft data. In short,
a trial and error process is carried out to find the optimal orientation of the
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Figure 2. The corresponding measured F versus Ψ data points along the spacecraft path,
and the 2nd-order polynomial fitting F (Ψ) (black curve) for (a) the numerical GS solution. A
fitting residue Rf and a flux rope boundary Ψ = Ψb are also marked (Hu et al., 2004). The
corresponding exact F (Ψ) function is shown in (b).
rotation axis, Z, around which the rotational symmetry is satisfied, i.e. in the
cylindrical (R,φ, Z) coordinate system, i.e. ∂/∂φ ≈ 0. The cross sectional plane
is (R,Z). In the first step, the orientation of Z axis is determined by fulfilling the
requirement that the composite function F = RBφ be a single-valued function of
the magnetic flux function Ψ along the spacecraft path. Then, a χ2 minimization
procedure (Press et al., 2007) is performed by minimizing the deviation between
the measured and GS model predicted magnetic field components along the
spacecraft path, while altering the location of the Z axis over a search grid
on the (rsc, t) plane, as illustrated in Figure 1a. During this second step, a
proper formulation following Press et al. (2007) is adopted with measurement
uncertainties assigned to each data point. An optimal location, or the intersection
of Z axis with the (rsc, t) plane is chosen with uncertainty bounds, which in
turn yields the major radius r0 of the torus. These uncertainty bounds lead to
estimates of uncertainty of other associated quantities as to be discussed later.
Once the main geometrical parameters, Z and r0, are determined by the two-
step procedures, the final reconstruction is performed by applying the toroidal
GS solver to obtain the cross section of the flux rope in an annular region (Paper
I).
Figure 1 shows the determination of the location of the Z axis as the intersec-
tion of Z with the (rsc, t) plane through the χ
2 minimization procedures after the
first step when an optimal Z axis orientation is chosen from the residue map (see
Paper I). The advantage of such an approach with measurement uncertainties is
to enable proper χ2 statistics in order to provide an objective assessment of the
goodness-of-fit (Press et al., 2007). A reduced χ2 value ≈ 1 represents the range
of uncertainty for the optimal parameter to be determined, i.e. the location of Z
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Figure 3. The resulting numerical GS solution (left panel) and the exact solution (right panel)
for the benchmark case. In each panel, the black contour lines are equi-value contours of Ψ, and
the filled color contour represents the axial field component Bφ with the same range of scales
indicated by the colorbars (positive being out of the plane). The red dot and color dashed
contours are the selected field lines of approximately the same Ψ′ values, among which the red
dot denotes the location where the transverse field vanishes. Additionally, the green arrows
represent the measured transverse magnetic field components along the projected spacecraft
path (the green line). The white contours represent Ψ = 0 (dashed) and Ψ = Ψb, respectively.
on the (rsc, t) plane within certain domain as illustrated in Figure 1. The inde-
pendent assessment of the goodness-of-fit is obtained by calculating the quantity
Q (Press et al., 2007, see also, Paper I), as shown in Figure 1b, associated with
each search grid point. Such a quantity indicates the probability of a value drawn
from a χ2 distribution greater than the specific χ2 value. Usually, a large Q value
close to 1, together with reduced χ2 . 1, indicates a “modestly” good fit (Press
et al., 2007). We use the combined criteria of χ2 ≤ 1 and Q ≥ 0.9 as the range
of uncertainty for selecting the optimal parameters.
In this case, the regions of uncertainty given by both contours of Q = 0.9 and
χ2 = 1 nearly overlap on the (rsc, t) plane. We choose the location marked by
the asterisk near the center of the closed contour χ2 = 1 as the optimal choice
of the location of the Z axis to carry out the final reconstruction procedures.
The resulting major radius is r0 = 0.92 AU, which deviates from the true value,
r0 = 1.02 AU, by about 10%.
Now we complete the last steps of the GS reconstruction by applying the GS
solver described in Paper I to obtain a numerical solution of the GS equation,
using the geometrical parameters determined above. These are additional steps
not carried out in Paper I. All together, a complete real event study will start
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Figure 4. The 3D view against the radial direction, rsc, of selected field lines of the same
Ψ′ values for both the numerical (left panel) and exact (right panel) GS solutions. The short
thick lines are the rsc (blue), t (green), and n (gold) unit vectors, respectively, located at the
point of spacecraft entry into the flux rope interval.
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Figure 5. The solutions in 3D view along the direction t with n upward. The format is the
same as in Figure 4.
with the two-step recipe described in Paper I, followed by these last steps.
Figure 2 shows the resulting F versus Ψ data plot along the spacecraft path
and the corresponding fitting curve with a fitting residue Rf = 0.11 defined as
before (Hu et al., 2004). Figure 3 shows the cross sectional map of the numerical
GS solution compared with the exact one. Since these two solutions are no
longer lying on the same plane, due to different Z axis orientations and different
r0 values, a quantitative evaluation of error through point-by-point subtraction
is no longer valid. The two solutions clearly differ in overall shape, size and
particularly the impact parameter, d0, the shortest distance between the center
of the flux rope (the red dot) and the projected spacecraft path (the green line).
The overall axial field profiles are similar, but only within the boundary Ψ = Ψb
of the numerical solution and that Ψ = 0 of the exact solution. Both are of left-
handed chirality. The axial field at the center is 16 nT and 15 nT, respectively,
for the numerical and exact solution.
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Figure 6. The solutions in 3D view against the direction n. The format is the same as in
Figure 4.
To further compare the magnetic field configuration between these two so-
lutions, we present the 3D field-line plots of three selected field lines of similar
Ψ′ = Ψ−Ψ0 values, where the flux function value at the center is denoted Ψ0,
for both solutions. Their projections onto the cross sectional planes are shown
in Figure 3 as nested closed loops by colored dashed lines including the red dots.
They can be considered as the same set of field lines from the two solutions, thus
can be inter-compared. Such comparisons are shown in Figures 4, 5, and 6, for
three different view angles, respectively. The discrepancies in their overall shapes
are seen, albeit some field lines, for example, the central red and the outer blue
ones appear to have better agreement between the numerical and the exact GS
solutions.
In addition, we examine the quantitative output of some bulk properties
derived from the GS reconstruction result. Table 1 summarizes the comparison
of various output parameters between the numerical GS toroidal reconstruction
and the exact solution. They include the central axial field Bφ,0, the poloidal
and axial magnetic flux, Φp,t, and the impact parameter d0. Despite the large
deviation in the impact parameter as we pointed out earlier, the other param-
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Table 1. Comparison of the outputs between the numerical (Rf = 0.11)
and exact (Rf = 0.0) GS solutions.
Rf Bφ,0 (nT) Φp (10
12Wb/radian) Φt (1012Wb) d0 (AU)
0.0 15 23 15 0.015
0.11 16 23 14 0.080
eters, including the magnetic flux content, agree between the numerical GS
reconstruction result and the exact solution.
3. Application to In Situ MC Events
We present here a complete real MC event study by the toroidal GS recon-
struction. The event was observed by the STEREO B (STB) spacecraft near
1 AU on 6-7 June 2008. This event was also examined by both the original
straight-cylinder GS reconstruction, using the in situ STB data in Mo¨stl et al.
(2009), and by the white-light imaging reconstruction of the flux rope evolution
through the inner heliosphere in Wood, Howard, and Socker (2010). Both studies
focused on exploiting the remote-sensing observations and morphological model-
ing, which provides continuous coverage of CME propagation and morphology of
the modeled flux rope structure en route from the Sun to 1 AU (see also, Wood
et al., 2012). The current study contributes to the goal of linking remote-sensing
observations with in situ measurements and modeling, especially in addressing
the magnetic field configuration of the flux rope. For this particular event, an
inter-comparison between these studies is available.
Figure 7 shows the time-series plot of both magnetic field and plasma pa-
rameters measured at STB. The GS reconstruction interval for the toroidal
geometry is selected as marked by the vertical lines. This interval corresponds
well to a region of depressed proton β (electron temperature is not available) and
elevated magnetic field magnitude. In addition, the speed and density profiles
obtained from Wood et al.’s imaging reconstruction analysis are also superposed,
indicating a good match in the density peaks enclosing the flux rope interval.
These peaks correspond to the outer surface of the flux rope volume from white-
light imaging reconstruction, as visualized in Wood, Howard, and Socker (2010)
(see also Figure 12).
The toroidal GS reconstruction is then performed, following the procedures
laid out in Paper I and in the previous section. A standard set of plots and
outputs is to be presented in a sequential order. Figure 8 displays the usual
residue map, contours of residue, Res (see Paper I for definition), over a search
grid of trial Z axis. This results from the first step of the two-step recipe for deter-
mining the orientation of Z through a trial-and-error process by enumerating all
possible directions of Z. The thick black contour is of value, Res = min(Res)+1,
representing the range of possible Z axis orientations. Based on the recipe and
the benchmark study in Paper I, the optimal Z axis orientation is usually chosen
SOLA: toroid2.tex; 4 October 2018; 23:28; p. 9
HU et al.
-10
0
10
 B
 
(nT
)
300
350
400
450
V
 (k
m/
s)
10-1
100
101
N
p 
(cm
-
3 )
10-1
100
Te
,T
p 
(M
K)
10-3
10-2
10-1
100
101
β
,
 
Te
/T
p
18:00 21:00 00:00 03:00 06:00 09:00 12:00 15:00
06-Jun-2008 22:53:00 - 07-Jun-2008 09:59:00
10-3
10-2
10-1
p,
 p
B
z 
(nP
a)
Figure 7. The time series from STB in situ measurements. From top to bottom panels: the
magnetic field components in the spacecraft centered (rsc, t, n) coordinates and the magnitude
in red, green, blue, and black, respectively, the solar wind speed, the proton density (left
axis) and temperature (right axis; the electron temperature Te not available), the proton β
(the dashed horizontal line marks the value 1.0), and the plasma and axial magnetic pressure
(red). The dashed green curves in the second and the third panels are the corresponding
model predictions from Wood, Howard, and Socker (2010). The vertical lines mark the GS
reconstruction interval selected for this study, given beneath the plot.
as the point near the center of the contour, as marked by the cross sign, for such
a singly connected contour. It is Z = (0.5239, 0.6626, 0.5353) in the (rsc, t, n)
coordinates and is used for the subsequent reconstruction. Optionally we also
denote two other possible choices enclosed by the contour, which introduce sig-
nificant uncertainty in the reconstruction result, but can be ruled out by other
observations and associated analysis to be discussed later (see also Table 2).
Figure 9, in the same format as in Figure 1, demonstrates the determination
of the other important geometrical parameter, the major radius r0, or the in-
tersection of the Z axis with the (rsc, t) plane. This result is obtained from the
second step of the two-step recipe of Paper I. Significant amount of uncertainty
exists for the combined criteria of χ2 ≤ 1 and Q ≥ 0.9 in determining an optimal
solution of r0. The range of uncertainty in r0 is reflected by the area enclosed
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Figure 8. The residue map of the STB event: the contours of Res. The background dots
are tips of unit vectors over the hemisphere of unit radius, enumerating all possible directions
in space. The directions at 0 and 90 degrees correspond to unit vectors along rsc and t,
respectively. The cross sign marks the optimal rotation axis Z direction (see Paper I). The
other two symbols mark alternatives inside the contour of value 1 + min(Res).
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Figure 9. (a) The distribution of reduced χ2 value, as indicated by the colorbar on the (rsc, t)
plane. (b) The corresponding contour plot of log10Q as labeled except that the thick black
contour is of level Q = 0.9, and the outermost one is the same as the black one in (a). The
format is the same as in Figure 1. The cross sign marks the location of χ2min.
by the thick black contour in Figure 9b, which may extend to an even larger
region beyond the search grid shown. For such a region enclosed by the Q = 0.9
contour, the corresponding ranges of certain parameters including the major
radius are given in Table 2. We choose the optimal Z axis location at the point
of minimum reduced χ2 value, χ2 = χ2min, as marked by the magenta cross sign.
This choice is considered representative, given that both the χ2 = 1 and Q = 0.9
SOLA: toroid2.tex; 4 October 2018; 23:28; p. 11
HU et al.
-15
-10
-5
0
5
10
15
20
B
(n
T
)
χ
2
min=0.603, Q=0.971
r
t
n
Figure 10. The magnetic field components (colored dots; see legend) along the spacecraft
path with uncertainties (errorbars) and the corresponding GS model output (black lines) for
the STB MC event. The associated minimum reduced χ2 and Q values are given on top.
contour lines are open in this case. The resulting major radius is r0 = 1.70 AU.
The corresponding reduced χ2 and Q values are 0.603 and 0.971, respectively,
as indicated in Figure 10. There the measured magnetic field components and
the output from GS model fitting of F = RBφ versus Ψ along the spacecraft
path are shown, together with measurement uncertainties associated with each
data point. Such uncertainties, σi, represented by errorbars associated with each
point, are estimated from higher-resolution measurements by a calculation of the
root-mean-squres of each magnetic field component Bν within certain segment of
M data points with higher resolution, e.g. via σ2ν =
∑M
i=1
〈
(Bνi − 〈Bν〉)2
〉
1. The
measured quantities F and Ψ along the spacecraft path, and the corresponding
fitting curve F (Ψ) are given in Figure 11a. The final reconstructed cross section
in an annular computation domain is shown in Figure 11b, using the toroidal
GS solver described and tested in Paper I.
The cross sectional map shows an elongated shape with fairly constant axial
field, Bφ, and a flux rope configuration of right-handed chirality. The center of
the flux rope, defined as the location where the transverse field vanishes, locates
at a distance d0 = 0.038 AU away from the spacecraft path. At this location (the
red point), the field line becomes “straight”, i.e. it forms an exact circle around
the Z axis, concentric with the circle of major radius r0. To further illustrate the
configuration of such a toroidal flux rope, a 3D view with selected field lines is
shown in Figure 12 (left panel) with a view angle radially toward the Sun from
the STB point of view. The central field line in red is rooted on the red dot in
Figure 11b, while the other two field lines are winding around this central axis of
a finite curvature. Figure 12 (right panel), reproduced from Wood, Howard, and
Socker (2010), shows the same view of the reconstructed flux rope from white-
light images, reaching STB’s location at 1 AU. The colored surface represents the
1See the Ace Science Center: http://www.srl.caltech.edu/ACE/ASC/level2/mag l2desc.html, the
calculation of the parameter, dBrms.
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Figure 11. The toroidal GS reconstruction result for the STB MC event. (a) The composite
function F versus Ψ and the fitting curve. The format is the same as in Figure 2. (b) The
resulting cross section of the toroidal flux rope on the (R,Z) plane. The format is the same as
in Figure 3.
boundary of the flux rope, corresponding to the peak density values in Figure 7.
The reconstruction was validated by its success in reproducing the observed time
or arrival at STB, and also its observed time of encounter with a comet that
happened to be nearby (Comet Boattini). The inclination angle of the apparent
central axis of the flux rope as seen away from the ecliptic plane is about 35
degrees (equivalent to a clock angle φt = 145 degrees, to be defined below).
Figure 13 attempts to illustrate the uncertainty in the geometry of the re-
constructed toroidal flux rope configuration at the STB location due to the
uncertainty in the location of the central rotation axis Z while keeping its
orientation fixed. The set of arcs represents the curvature of the toroidal flux
rope at the point of spacecraft intersection. We define two angles associated
with the directional vector tangent to each arc at the point of spacecraft location,
namely, the cone angle φr, the angle between the directional vector and the radial
direction rsc, in the range [0, 180] degrees, and the clock angle φt, the angle of the
projection of the tangent vector on the (t, n) plane, measured from the positive
t, in the range [0, 360] degrees. For this case (Z chosen as the one marked by
the cross sign in Figure 8), the ranges of these two angles are φr ∈ [90, 107]
degrees, and φt ∈ [118, 128] degrees from the STB point of view toward the
Sun (see Figure 12), with mean values 96 and 123 degrees, respectively. The
supplementary angle to φt is in the range of [52, 62] degrees. Correspondingly,
the ranges of major radius and poloidal flux are, r0 ∈ [0.81, 1.72] AU, and
Φp ∈ [1.8, 6.1] TWb, respectively.
The importance of the reconstruction of morphology of flux rope CMEs from
the Sun to the spacecraft intersection by Wood, Howard, and Socker (2010) is
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Figure 12. Left panel: the 3D view based on the reconstruction result of Figure 11b. The
view point is toward the Sun. The format is the same as in Figure 4. Right panel: the flux rope
configuration obtained from Wood, Howard, and Socker (2010) as seen from the same view
angle and at the same location and time as the left panel. The STB location (the center dot)
corresponds to the intersection of the short green and gold lines in the left panel.
Table 2. The ranges of parameter values for the three different choices of rotation axis
orientations.
Z(rsc, t, n) r0 (AU) Φp (TWb/radian) φr (degrees) φt (degrees)
(0.8663, 0.2722, 0.4188) [0.77,1.27] [2.3,4.8] [101,105] [118,125]
(0.5239 0.6626 0.5353) [0.81,1.72] [1.8,6.1] [90,107] [118,128]
(-0.1342 0.9014 0.4116) [0.75,1.89] [2.9,7.7] [77,97] [112,115]
that it provides guidance in reducing the uncertainty in determining the flux
rope geometry when searching for the set of optimal parameters in the GS
reconstruction. For instance, in this event, from Wood, Howard, and Socker
(2010), the spacecraft crossed the flux rope above the center from the STB
point of view toward the Sun (see Figure 12). Our analysis yielded the magnetic
field configuration consistent with this above-the-center crossing for the set of
optimal rotation axis Z and the resulting major radius indicated above. Other
choices of parameters, such as the alternative Z axis orientations marked by the
circle and the square in Figure 8 failed to yield such a configuration. In addition,
the ranges of angles φr and φt are also more consistent with Wood, Howard, and
Socker (2010) for the chosen optimal Z axis in the middle of the residue contour
in Figure 8. For completeness, the corresponding sets of parameters especially
in terms of their ranges are summarized in Table 2 for the three choices of Z
axis orientations marked in Figure 8 in the order from the circle, cross to square
symbols for rows 1-3.
A comparison with the corresponding GS reconstruction result from Mo¨stl
et al. (2009) with the straight-cylinder geometry shows certain similarities. Both
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Figure 13. Figure 9b rendered in a different view angle. The red dashed line and the blue
dotted line are the rsc and t coordinates, respectively. Additionally, the thick pink line and
the cross sign mark the direction and location of optimal Z axis, the orientation of which is
also marked on Figure 8. The bunch of arcs all crossing the spacecraft location at rsc = rsc0
illustrate the sections of circles centered around the Z axis whose location changes over the dots
enclosed by the thick black contour (Q = 0.9) while maintaining its direction. Each colored
arc is the result from the corresponding location in this case.
flux ropes are right-handed (see Figure 11). The axial field strength is close, 15.4
nT in Mo¨stl et al. (2009) and 14 nT from our analysis. The inclination of the
axis of the flux rope with respect to the (rsc, t) plane is similar, ∼ 51 degrees,
comparable with our result, the mean value 57 degrees, for the axis lying nearly
on the (t, n) plane (Mo¨stl et al., 2009). The axial (toroidal) and poloidal flux
from Mo¨stl et al. (2009) are 7.2 TWb and 11.9 TWb/AU, respectively, noticeably
larger than what we obtain in this analysis, 2.7 TWb and 8.2 TWb/radian,
correspondingly, due to a smaller-size interval used in the current analysis and
relatively large impact parameters in both analyses.
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The comparison of the inclination of the flux rope axis with respect to the
(rsc, t) plane with Wood, Howard, and Socker (2010) shows a deviation of about
20-30 degrees. Our interpretation is that the GS reconstruction focuses on the
magnetic field configuration embedded within what Wood et al. reconstructed,
since the latter approach based on white-light images yields a density structure
in terms of outer shells bounding the CME, enclosing the GS reconstruction
interval in this case (see Figure 7). Therefore the magnetic flux rope from the GS
reconstruction is largely enclosed by the dense, outer boundary of the CME flux
rope, and they don’t necessary share exactly the same apparent axial orientation
although they should not differ dramatically, say, by 90 degrees, either.
4. Conclusions and Discussion
In conclusion, we have completed the development of the toroidal GS recon-
struction method and conducted the first applications to both a benchmark
study and a real MC event observed by STB. We provide an additional tool
in modeling the magnetic flux rope configuration from in situ spacecraft data.
The tool is ready for applications to additional events, using in situ spacecraft
measurements and reasonable computing resources. The whole procedure can be
completed on a desktop computer in Matlab within 2-3 hours. The benchmark
study given here and in Paper I indicates that there is significant amount of
uncertainty in recovering the exact geometry of the flux rope. In addition to
deviations in the Z axis orientation and the major radius (Paper I), the impact
parameter, d0, obtained from the final GS reconstruction of the cross section can
differ most significantly from the exact value, 0.080 AU against 0.015 AU, in this
study. Nonetheless, other physical properties, especially the magnetic flux, both
the toroidal and poloidal component, are accurately recovered (see Table 1). We
also apply the method to a real MC event measured by STB that was studied
earlier by both in situ modeling by the straight-cylinder GS reconstruction and
the white-light imaging reconstruction. The GS reconstruction result with the
toroidal configuration is obtained with significant uncertainty. For the optimal
rotation axis, Z = (0.5239, 0.6626, 0.5353), chosen in the (rsc, t, n) coordinate
system, the major radius is in the range [0.81, 1.72] AU. We compare the appar-
ent geometry of the flux rope configuration with the flux rope volume resulting
from white-light imaging reconstruction at the STB location. We find that the
inclination angles of the central axis of the flux rope from the two results are
generally consistent in terms of the ranges of the cone and clock angles of the
axial direction. But the clock angle differs by about 20-30 degrees in the plane
of the sky.
It is still not conclusive whether the toroidal geometry is superior to the
original straight-cylinder geometry, despite the much evolved procedures in the
toroidal GS reconstruction. The central axis orientation is similar at the point
of spacecraft traversal. The magnetic flux content is very different, partially due
to different time intervals used in these two separate analysis. For larger major
radius, the two reconstruction results should converge. In other words, as the
major radius r0 goes to infinity, the curvature of the toroidal flux rope tends
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to zero, falling back to the original straight-cylinder analysis. This is somewhat
hinted by the open contours in Figure 9, implying the possible consistency with
a straight-cylinder geometry, for this case. The added feature in the current
analysis, not yet available in the original straight-cylinder GS reconstruction is
the uncertainty estimates in various quantities, based on proper χ2 statistics and
the measurement uncertainties in magnetic field components. These are useful,
but the caveat is that the results probably depend on a reliable estimate of
the measurement uncertainties, which is not always available. Nonetheless, the
unique scientific merit of the current fully developed approach lies in the ability
to provide additional characterization of the magnetic flux rope variability in
the space plasma environment.
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